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Let η = (E, p, Y, F,K) be a locally deﬁnable ﬁber bundle and f, h : X → Y two locally
deﬁnable maps. If f and h are locally deﬁnably homotopic, then f ∗(η) and h∗(η) are locally
deﬁnably ﬁber bundle isomorphic.
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1 . Introduction.
LetM = (R,+, ·, <, . . . ) be an o-minimal
expansion of the standard structure R =
(R,+, ·, <) of the ﬁeld R of real numbers.
General references on o-minimal structures
are [2], [5], see also [15]. For example, the
Nash category is a special case of the de-
ﬁnable Cr category and it coincides with
the deﬁnable C∞ category based on R =
(R,+, ·, >) ([17]). J.P. Rolin, P. Speissegger
and A.J. Wilkie [14] proved that there exist
uncountably many o-minimal expansions of
R. Further properties and constructions of
them are studied in [3], [4], [6], [13]. Equiv-
ariant deﬁnable category is studied in [8],
[10], [11].
In this paper “deﬁnable” means “deﬁn-
able with parameters in M”, everything is
considered in M, “countable” means ﬁnite
or countably inﬁnite and each locally de-
ﬁnable map is continuous unless otherwise
stated.
A subset X of Rn is called locally defi-
nable if for every x ∈ X there exists a deﬁn-
able open neighborhood U of x in Rn such
that X ∩ U is a deﬁnable subset of X. A
more general setting of locally deﬁnable sets
is studied in [1]. Clearly every deﬁnable set
is locally deﬁnable, every compact locally
deﬁnable set is deﬁnable and any open sub-
set of Rn is locally deﬁnable.
Let U ⊂ Rn and V ⊂ Rm be locally
deﬁnable sets. We say that a continuous
map f : U → V is a locally definable map
if for any x ∈ U there exists a deﬁnable
open neighborhood Wx of x in Rn such that
f |U ∩Wx is deﬁnable.
For example, ifM = Ran, then f : (−1, 1
) → R, f(x) = sin 11−x2 is locally deﬁnable
but not deﬁnable.
As a generalization of deﬁnable ﬁber bun-
dles introduced in [10], we can deﬁne locally
definable fiber bundles (See Deﬁnition 2.1).
Two locally deﬁnable maps f, h : X → Y be-
tween locally deﬁnable sets are locally defi-
nably homotopic if there exists a locally de-
ﬁnable map H : X × [0, 1] → Y such that
1
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H(x, 0) = f(x) for all x ∈ X and H(x, 1) =
h(x) for all x ∈ X.
Theorem 1.1. Let η = (E, p, Y, F,K)
be a locally deﬁnable ﬁber bundle and f, h :
X → Y two locally deﬁnable maps. If f is
locally deﬁnably homotopic to h, then f ∗(η)
and h∗(η) are locally deﬁnably ﬁber bundle
isomorphic.
Theorem 1.1 is a locally deﬁnable version
of 1.2 [7].
The following result is a classiﬁcation the-
orem of principal ﬁber bundles (19.3 [16]).
Theorem 1.2 (19.3 [16]). Let K be a
compact Lie group, γn+1 the (n+1)-universal
principal K ﬁber bundle whose base space is
Y . Let X be an n-complex. Then the op-
eration of assigning to each continuous map
f : X → Y its induced ﬁber bundle sets up to
a bijective correspondence between homotopy
classes of continuous maps of X to Y and
ﬁber bundle isomorphism classes of princi-
pal bundles over Y with structure group K.
If K is a compact deﬁnable group, then
by the construction of an (n + 1)-universal
principal K ﬁber bundle (19.6 [16]), it is a
deﬁnable principal K ﬁber bundle.
The following is a deﬁnable version of
Theorem 1.2.
Theorem 1.3. Let K be a compact deﬁn-
able group, γn+1 the (n+1)-universal princi-
pal K ﬁber bundle whose base space is Y . Let
X be an n-dimensional deﬁnable set. Then
the set of homotopy classes of deﬁnable maps
between X and Y corresponds bijectively to
the set of deﬁnable ﬁber bundle isomorphism
classes of principal K deﬁnable ﬁber bundles
over X.
2 Proof of results
Remark that for any locally deﬁnable map
f between locally deﬁnable sets X and Y , if
X is compact, then f(X) is a deﬁnable set
and f : X → f(X) (⊂ Y ) is a deﬁnable
map.
Note that the maps f1, f2 : R → R de-
ﬁned by f1(x) = sin x, f2(x) = cos x, respec-
tively, are analytic but not locally deﬁnable
in R = (R,+, ·, >), and that the ﬁeld Q
(⊂ R) of rational numbers is not a locally
deﬁnable subset of R.
A topological space X is a locally defin-
able space if there exists a countable family
of charts {(Ui, φi)}i∈I , where Ui is an open
subset of X and φ is homeomorphism from
Ui to a deﬁnable subset Zi of Rn for all i,
such that {Ui} is an open covering of X and
for each pair (i, j) ∈ I × I φi(Ui ∩ Uj) is
a deﬁnable open subset of Zi and φj ◦ φ−1i :
φi(Ui∩Uj)→ φj(Ui∩Uj) is a deﬁnable home-
omorphism.
Deﬁnition 2.1 ([10]). (1) A topolog-
ical ﬁber bundle η = (E, p,X, F,K) is
called a locally definable fiber bundle
over X with ﬁber F and structure
groupK if the following two conditions
are satisﬁed:
(a) The total space E is a locally de-
ﬁnable space, the base space X is
a locally deﬁnable set, the struc-
ture groupK is a deﬁnable group,
the ﬁber F is a locally deﬁnable
set with an eﬀective locally deﬁn-
able K action, and the projection
p : E → X is a locally deﬁnable
map.
(b) There exists a countable family of
local trivializations {Ui, φi : p−1(
Ui)→ Ui×F}i of η such that each
Ui is a deﬁnable open subset ofX,
{Ui}i is a countable open covering
of X. For any x ∈ Ui, let φi,x :
p−1(x) → F, φi,x(z) = πi ◦ φi(z),
where πi stands for the projection
Ui×F → F . For any i and j with
Ui ∩ Uj �= ∅, the transition func-
tion θij := φj,x◦φ−1i,x : Ui∩Uj → K
is a deﬁnable map. We call these
trivializations locally definable.
Locally deﬁnable ﬁber bundles with
compatible deﬁnable local trivializa-
tions are identiﬁed.
(2) Let η = (E, p,X, F,K) and ζ = (E �, p�,
X �, F,K) be locally deﬁnable ﬁber bun-
dles whose locally deﬁnable local triv-
ializations are {Ui, φi}i and {Vj, ψj}j,
respectively. A locally deﬁnable map
f : E → E � is said to be a locally
definable fiber bundle morphism if
the following two conditions are satis-
ﬁed:
(a) There exists a locally deﬁnable
map f : X → X � such that f◦p =
p� ◦ f .
(b) For any i, j such that Ui∩f−1(Vj)
�= ∅ and for any x ∈ Ui∩f−1(Vj),
the map fij(x) := ψj,f(x)◦f ◦φ−1i,x :
F → F lies in K, and fij : Ui ∩
f−1(Vj)→ K is a deﬁnable map.
A bijective locally deﬁnable ﬁber bun-
dle morphism f : E → E � is called a
locally definable fiber bundle equiva-
lence if f is a locally deﬁnable homeo-
morphism and (f)−1 : E � → E is a lo-
cally deﬁnable ﬁber bundle morphism
covering f−1 : X � → X. A locally
deﬁnable ﬁber bundle equivalence is a
locally definable fiber bundle isomor-
phism if X = X � and f = idX . We
say that η is locally definably trivial
if η is locally deﬁnably ﬁber bundle
isomorphic to the trivial bundle (X ×
F, proj,X, F,K), where proj : X ×
F → X denotes the projection onto
the ﬁrst factor.
(3) A continuous section s : X → E of
a locally deﬁnable ﬁber bundle η =
(E, p,X, F,K) is a locally definable
section if for any i, the map φi ◦ s|Ui :
Ui → Ui × F is a deﬁnable map.
(4) We say that a locally deﬁnable ﬁber
bundle η = (E, p,X, F,K) is a princi-
pal locally definable fiber bundle if
F = K and the K action on F is de-
ﬁned by the multiplication of K.
Theorem 2.2. Let η = (E, p,X, F,K), η�
= (E �, p�, X �, F,K) be two locally deﬁnable
ﬁber bundles. Let h0 : E → E � be a locally
deﬁnable ﬁber bundle morphism and H : X×
[0, 1] → X � a locally deﬁnable homotopy of
the induced map h0 : X → X �. Then there
exists a locally deﬁnable homotopy H : η ×
[0, 1] → η� of h0 whose induced homotopy is
H.
Since a locally deﬁnable set X is para-
compact, for any countable deﬁnable open
cover {Uα} of X, there exists a partition of
unity {fα} subordinate to {Uα} such that
each fα is locally deﬁnable. Thus we have
the following lemma.
Lemma 2.3. Let X be a locally deﬁnable
set and V1, V2 two locally deﬁnable open sub-
sets of X with V1 ⊂ V2, where V1 denotes
the closure of V1 in X. Then there exists a
locally deﬁnable function ρ : X → [0, 1] such
that ρ(V1) = 1 and ρ(X − V2) = 0. More-
over if X is deﬁnable and V1, V2 are deﬁn-
able, then we can take ρ to be deﬁnable.
Proof of Theorem 2.2. We ﬁrst prove
the case where X is compact. Let {Uλ, ψλ},
{Vj, φj} be a ﬁnite family of deﬁnable triv-
ializations of η, η�, respectively. Since X is
compact, X × [0, 1] is compact. Thus there
exists a reﬁnement {Uλ × Iν} of a deﬁnable
open cover {H−1(Vj)} such that {Iν}rν=1 is
an open cover of [0, 1] and that for each ν
with 2 ≤ ν ≤ r − 1 Iν only intersects Iν−1,
Iν+1. We take real numbers t0, . . . , tr such
that 0 = t0 < t1 < · · · < tr = 1 and
tν ∈ Iν ∩ Iν+1.
We now proceed by induction on ν. As-
sume that we have deﬁned Hν : E × [0, tν ].
For any x ∈ X, we can take deﬁnable open
sets W,W � such that x ∈ W ⊂ W ⊂ W � ⊂
W � ⊂ Uλ for some λ, where W denotes the
closure of W in X. Since X is compact,
there exist a ﬁnite cover {Wα}sα=1 of X. By
Lemma 2.3, there exists a deﬁnable map uα :
X → [tν , tν+1] such that uα(Wα) = tν , uα(X
−W �α) = tν+1. Deﬁne τ0 = tν , τα = max(u1(
x), . . . , uα(x)). Then tν = τ0(x) ≤ · · · ≤
τs(x) = tν+1. Let Xα = {(x, t) ∈ X ×
[0, 1]|tν ≤ tν+1}. Then X × {tν} = X0 ⊂
· · · ⊂ Xs = X×[tν , tν+1]. Let Eα = q−1(Xα),
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H(x, 0) = f(x) for all x ∈ X and H(x, 1) =
h(x) for all x ∈ X.
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ﬁned by the multiplication of K.
Theorem 2.2. Let η = (E, p,X, F,K), η�
= (E �, p�, X �, F,K) be two locally deﬁnable
ﬁber bundles. Let h0 : E → E � be a locally
deﬁnable ﬁber bundle morphism and H : X×
[0, 1] → X � a locally deﬁnable homotopy of
the induced map h0 : X → X �. Then there
exists a locally deﬁnable homotopy H : η ×
[0, 1] → η� of h0 whose induced homotopy is
H.
Since a locally deﬁnable set X is para-
compact, for any countable deﬁnable open
cover {Uα} of X, there exists a partition of
unity {fα} subordinate to {Uα} such that
each fα is locally deﬁnable. Thus we have
the following lemma.
Lemma 2.3. Let X be a locally deﬁnable
set and V1, V2 two locally deﬁnable open sub-
sets of X with V1 ⊂ V2, where V1 denotes
the closure of V1 in X. Then there exists a
locally deﬁnable function ρ : X → [0, 1] such
that ρ(V1) = 1 and ρ(X − V2) = 0. More-
over if X is deﬁnable and V1, V2 are deﬁn-
able, then we can take ρ to be deﬁnable.
Proof of Theorem 2.2. We ﬁrst prove
the case where X is compact. Let {Uλ, ψλ},
{Vj, φj} be a ﬁnite family of deﬁnable triv-
ializations of η, η�, respectively. Since X is
compact, X × [0, 1] is compact. Thus there
exists a reﬁnement {Uλ × Iν} of a deﬁnable
open cover {H−1(Vj)} such that {Iν}rν=1 is
an open cover of [0, 1] and that for each ν
with 2 ≤ ν ≤ r − 1 Iν only intersects Iν−1,
Iν+1. We take real numbers t0, . . . , tr such
that 0 = t0 < t1 < · · · < tr = 1 and
tν ∈ Iν ∩ Iν+1.
We now proceed by induction on ν. As-
sume that we have deﬁned Hν : E × [0, tν ].
For any x ∈ X, we can take deﬁnable open
sets W,W � such that x ∈ W ⊂ W ⊂ W � ⊂
W � ⊂ Uλ for some λ, where W denotes the
closure of W in X. Since X is compact,
there exist a ﬁnite cover {Wα}sα=1 of X. By
Lemma 2.3, there exists a deﬁnable map uα :
X → [tν , tν+1] such that uα(Wα) = tν , uα(X
−W �α) = tν+1. Deﬁne τ0 = tν , τα = max(u1(
x), . . . , uα(x)). Then tν = τ0(x) ≤ · · · ≤
τs(x) = tν+1. Let Xα = {(x, t) ∈ X ×
[0, 1]|tν ≤ tν+1}. Then X × {tν} = X0 ⊂
· · · ⊂ Xs = X×[tν , tν+1]. Let Eα = q−1(Xα),
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where q : E × [0, 1] → X × [0, 1], q(x, t) =
(p(x), t). Then Eα×{tν} = E0 ⊂ · · · ⊂ Es =
E × [tν , tν+1]. Let Eα = η × [0, 1]|q−1(Xα).
Assume that we have a required map Hα−1
on Eα−1. We now extend Hα−1 to Eα. By
the deﬁnition of τ and W , Xα − Xα−1 ⊂
W �α× [tν , tν+1],W �α× [tν , tν+1] ⊂ Uα× Iν , H(
W �α×[tν , tν+1] ⊂ Vj. DeﬁneHα(e, t) = (φj(H
(x, t), pj(Hα−1(e, τα−1(x))))), x = q(e), (x, t)
∈ Xα − Xα−1. Then Hα is deﬁnable, p� ◦
Hα(e, t) = h(x, t) and if t = τα−1 then it co-
incides with Hα−1(e, τα−1(x)). Moreover Hα
is a deﬁnable ﬁber bundle morphism. Thus
in this case the result is proved.
We now prove the general case. Since X
is locally deﬁnable, there exist a countable
family of deﬁnable open sets {Wn}∞n=1 such
that Wn ⊂ Wn+1, each Wn is compact and
X = ∪∞n=1Wn. By Lemma 2.3, there exists
a locally deﬁnable map τn : X → [0, 1] such
that τn(Wn) = 1 and τn(X − Wn+1) = 0.
Let τ0 = 0. Then for each n τn(x) ≤ τn+1(x)
and for any x ∈ X, there exists an n with
τn(x) = 1. Let Xn = {(x, t) ∈ X × [0, 1]|0 ≤
t ≤ τn(x)} and ηn = (En, pn, Xn, F,K) the
restriction of η × [0, 1] on Xn. Then h0 :
E → E � is a locally deﬁnable ﬁber bundle
morphism. Let Hn−1 : ηn−1 → η be a locally
deﬁnable ﬁber bundle morphism expanding
h0 and A = Wn+1 −Wn−1. Then A is com-
pact and x ∈ A if τn−1(x) < τn(x). We de-
ﬁne λx : [0, 1] → [τn−1(x), τn(x)] by λx(s) =
sτn(x) + (1 − s)τn−1(x). Then the inverse
of λx is deﬁned by λx(t) =
t−τn−1(x)
τn−1(x)−τn−1(x) .
For x ∈ A, e ∈ q−1(A), we deﬁne H0(e) =
H0(e, τn−1(q(e)), h�(x, s) = h(x, λx(s)).
Then H �0 is a locally deﬁnable ﬁber bundle
morphism and h� is a deﬁnable homotopy of
H0. Applying the compact case, we have a
deﬁnable homotopy H �. Deﬁne H �n(e, t) =
H �(e, λ−1x (t)), x = q(e), τn−1(x) < t ≤ τn(x).
Combining Hn−1, we have a locally deﬁnable
homotopy Hn extending Hn−1. By induc-
tion, we have the required locally deﬁnable
homotopy H.
Theorem 1.1 follows from Theorem 2.2.
Theorem 2.4 (8.2.9 [2]). (Deﬁnable
triangulation theorem) Let X be a deﬁnable
set and X1, . . . , Xk deﬁnable subsets of X.
Then there exists a deﬁnable triangulation
(M, τ) of X compatible with X1, . . . , Xk,
namely M is a simplicial complex and τ is a
deﬁnable homeomorphism from X to a union
of open simplexes of M such that each τ(Xi)
is a union of open simplexes of M . In par-
ticular, if X is compact, then τ(X) = |M |.
Theorem 2.5 (1.2 [8]). Let X, Y be
deﬁnable sets. Then the set of homotopy
classes of continuous maps between X and Y
corresponds bijectively to the set of deﬁnable
homotopy classes of deﬁnable maps between
X and Y .
Proof of Theorem 1.3. By Theorem
2.4, X admits a deﬁnable triangulation.
Thus X is an n-complex.
Let η be a principal K deﬁnable ﬁber
bundle over X. By Theorem 1.2, there ex-
ists a continuous map f : X → Y such
that η is ﬁber bundle isomorphic to f ∗(γn+1).
By Theorem 2.5, we have a deﬁnable map
h : X → Y which is homotopic to f . By
[12], f ∗(γn+1) is ﬁber bundle isomorphic to
h∗(γn+1). Thus η and h∗(γn+1) are ﬁber bun-
dle isomorphic. By 1.2 [9], they are deﬁn-
ably ﬁber bundle isomorphic. Moreover by
Theorem 2.5, a deﬁnable homotopy repre-
sentative of f is unique up to deﬁnable ho-
motopy.
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where q : E × [0, 1] → X × [0, 1], q(x, t) =
(p(x), t). Then Eα×{tν} = E0 ⊂ · · · ⊂ Es =
E × [tν , tν+1]. Let Eα = η × [0, 1]|q−1(Xα).
Assume that we have a required map Hα−1
on Eα−1. We now extend Hα−1 to Eα. By
the deﬁnition of τ and W , Xα − Xα−1 ⊂
W �α× [tν , tν+1],W �α× [tν , tν+1] ⊂ Uα× Iν , H(
W �α×[tν , tν+1] ⊂ Vj. DeﬁneHα(e, t) = (φj(H
(x, t), pj(Hα−1(e, τα−1(x))))), x = q(e), (x, t)
∈ Xα − Xα−1. Then Hα is deﬁnable, p� ◦
Hα(e, t) = h(x, t) and if t = τα−1 then it co-
incides with Hα−1(e, τα−1(x)). Moreover Hα
is a deﬁnable ﬁber bundle morphism. Thus
in this case the result is proved.
We now prove the general case. Since X
is locally deﬁnable, there exist a countable
family of deﬁnable open sets {Wn}∞n=1 such
that Wn ⊂ Wn+1, each Wn is compact and
X = ∪∞n=1Wn. By Lemma 2.3, there exists
a locally deﬁnable map τn : X → [0, 1] such
that τn(Wn) = 1 and τn(X − Wn+1) = 0.
Let τ0 = 0. Then for each n τn(x) ≤ τn+1(x)
and for any x ∈ X, there exists an n with
τn(x) = 1. Let Xn = {(x, t) ∈ X × [0, 1]|0 ≤
t ≤ τn(x)} and ηn = (En, pn, Xn, F,K) the
restriction of η × [0, 1] on Xn. Then h0 :
E → E � is a locally deﬁnable ﬁber bundle
morphism. Let Hn−1 : ηn−1 → η be a locally
deﬁnable ﬁber bundle morphism expanding
h0 and A = Wn+1 −Wn−1. Then A is com-
pact and x ∈ A if τn−1(x) < τn(x). We de-
ﬁne λx : [0, 1] → [τn−1(x), τn(x)] by λx(s) =
sτn(x) + (1 − s)τn−1(x). Then the inverse
of λx is deﬁned by λx(t) =
t−τn−1(x)
τn−1(x)−τn−1(x) .
For x ∈ A, e ∈ q−1(A), we deﬁne H0(e) =
H0(e, τn−1(q(e)), h�(x, s) = h(x, λx(s)).
Then H �0 is a locally deﬁnable ﬁber bundle
morphism and h� is a deﬁnable homotopy of
H0. Applying the compact case, we have a
deﬁnable homotopy H �. Deﬁne H �n(e, t) =
H �(e, λ−1x (t)), x = q(e), τn−1(x) < t ≤ τn(x).
Combining Hn−1, we have a locally deﬁnable
homotopy Hn extending Hn−1. By induc-
tion, we have the required locally deﬁnable
homotopy H.
Theorem 1.1 follows from Theorem 2.2.
Theorem 2.4 (8.2.9 [2]). (Deﬁnable
triangulation theorem) Let X be a deﬁnable
set and X1, . . . , Xk deﬁnable subsets of X.
Then there exists a deﬁnable triangulation
(M, τ) of X compatible with X1, . . . , Xk,
namely M is a simplicial complex and τ is a
deﬁnable homeomorphism from X to a union
of open simplexes of M such that each τ(Xi)
is a union of open simplexes of M . In par-
ticular, if X is compact, then τ(X) = |M |.
Theorem 2.5 (1.2 [8]). Let X, Y be
deﬁnable sets. Then the set of homotopy
classes of continuous maps between X and Y
corresponds bijectively to the set of deﬁnable
homotopy classes of deﬁnable maps between
X and Y .
Proof of Theorem 1.3. By Theorem
2.4, X admits a deﬁnable triangulation.
Thus X is an n-complex.
Let η be a principal K deﬁnable ﬁber
bundle over X. By Theorem 1.2, there ex-
ists a continuous map f : X → Y such
that η is ﬁber bundle isomorphic to f ∗(γn+1).
By Theorem 2.5, we have a deﬁnable map
h : X → Y which is homotopic to f . By
[12], f ∗(γn+1) is ﬁber bundle isomorphic to
h∗(γn+1). Thus η and h∗(γn+1) are ﬁber bun-
dle isomorphic. By 1.2 [9], they are deﬁn-
ably ﬁber bundle isomorphic. Moreover by
Theorem 2.5, a deﬁnable homotopy repre-
sentative of f is unique up to deﬁnable ho-
motopy.
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